In this paper, a general high-order multi-domain hybrid DG/WENO-FD method, which couples a p th -order (p ≥ 3) DG method and a q th -order (q ≥ 3) WENO-FD scheme, is developed. There are two possible coupling approaches at the domain interface, one is non-conservative, the other is conservative. The non-conservative coupling approach can preserve optimal order of accuracy and the local conservative error is proved to be upmost third order. As for the conservative coupling approach, accuracy analysis shows the forced conservation strategy at the coupling interface deteriorates the accuracy locally to firstorder accuracy at the 'coupling cell'. A numerical experiments of numerical stability is also presented for the non-conservative and conservative coupling approaches. Several numerical results are presented to verify the theoretical analysis results and demonstrate the performance of the hybrid DG/WENO-FD solver.
Introduction
In recent years, high-order methods with low numerical diffusion and dispersion errors have been extensively studied and widely used for resolving complex fluid structures and capturing vortex evolution. Many kinds of high-order methods have been developed over the past two decades, especially high-order finite difference (FD) type methods, such as weighted essentially non-oscillatory (WENO) schemes [10, 11] , high-order finite volume (FV) type methods [12, 29, 30] and discontinuous Galerkin (DG) type methods, which includes traditional Runge-Kutta discontinuous Galerkin (RKDG) methods [1, 2] , spectral volume (SV) methods [19, 20] , spectral difference (SD) method [14] , correction procedure via reconstruction (CPR) schemes [13, 21] and so on. FD type methods are generally considered as highly efficient and easily achieve high-order accuracy on structured grids. FV type methods, compared to the FD type methods, have flexibility in handling almost arbitrary grid with reasonable computational cost, however, they usually are not compact when extends to high order accuracy. DG type methods can treat complex geometries through a compact stencil as each cell only communicates with its immediate face-neighbors through approximate Riemann solvers. However, they are generally more time consuming than the FV type methods.
As all of those high-order methods mentioned above have their advantages and disadvantages, several hybrid methods have been developed in order to locally take the advantages of 31 different types of methods above. There are mainly two kinds of hybrid approaches in literature, one is based on local polynomial reconstruction, the other is based on computational domain decomposition.
Based on local polynomial reconstruction, one of the most typical and successful implementation is WENO/Hermite WENO type limiter for DG methods [4] [5] [6] [7] . The basic idea of WENO/Hermite WENO limiter is to use the local polynomial reconstruction of WENO type to replace the original reconstruction approach of DG methods for high-order degrees of freedom at the 'troubled cells'. Such hybrid approach preserves essentially non-oscillatory property for those cells near the area of discontinuities. In fact, the strategy can be applied for all the cells rather than only for those 'troubled cells'. Luo et al. [3, 8, 9] adopted this strategy and developed a kind of reconstructed DG methods (rDG) which reconstructs high-order degrees of freedom using a least-squares technique in 2D and a hierarchial WENO reconstruction in 3D. This hybrid approach combines the efficiency of reconstruction methods widely used in FV type schemes and the accuracy and robustness of DG methods. Similarly, based on local polynomial reconstruction, Dumbser et al. [15] presented a unified framework for constructing one step finite volume and discontinuous Galerkin schemes on unstructured meshes, resulting in a class of PnPm schemes. Zhang et al. [16] [17] [18] introduced a hybrid DG/FV method. In their hybrid DG/FV method, a DG method based on Taylor basis functions was adopted to compute the low-order degrees of freedom. A high order finite volume method is then used to reconstruct high-order derivatives with the known low-order derivatives.
Based on computational domain decomposition, a multi-domain hybrid spectral-WENO method was introduced by Costa et al. [22] for hyperbolic conservation laws. The hybrid spectral-WENO method conjugates the non-oscillatory properties of high-order WENO schemes and the high efficiency and accuracy of spectral methods in a multi-domain approach. Recently, Shahbazi et al. [23] introduced a multi-domain Fourier-continuation/WENO hybrid solver for conservation laws. In the area of CAA, Utzmann et al. [26, 28] and Léger et al. [27] developed a coupled DG/FD method for computational aeroacoustics. The coupled DG/FD solver approximates the solution in the close neighborhood of complex obstacles with an unstructured grids and computes the rest of the field on structured grids in order to alleviate computational cost.
In our previous work [31, 32] , we introduced a class of multi-domain hybrid DG and WENO-FD method based on a third-order DG method and a fifth-order WENO-FD scheme for the purpose of saving computational cost and treating complex geometry. We found that the conservative coupling approach deteriorates the accuracy seriously and only the non-conservative coupling approach can preserve third-order accuracy. Thus, a special treatment was developed in our previous work: the non-conservative coupling approach is employed when the solution is smooth enough and it is replaced by the conservative coupling approach when there are possible discontinuities passing through the interface.
In this paper, as a direct extension of our previous work, two main issues will be addressed: one is whether the hybrid method can be extended to arbitrary high-order accuracy, the other is whether the hybrid method can preserve numerical stability with different choices of numerical fluxes at coupling interface. Firstly, we extend the previous third-order hybrid DG/WENO-FD method to a more general situation which couples a p th -order (p ≥ 3) DG method with a q thorder (q ≥ 3) WENO-FD scheme. We present a general analysis of accuracy and conservative error for this general high-order hybrid DG/WENO-FD method. From the theoretical analysis, as we will see later, the conservative coupling approach of a p th -order DG method and a q thorder WENO-FD scheme is only of first-order accuracy locally at the 'coupling cell' and the accuracy order is independent from the choices of numerical fluxes at the coupling interface. In contrast, the non-conservative coupling approach can preserve optimal r th -order (r = min(p, q)) accuracy in the whole computational domain while at the same time the local conservative error is proved to be upmost third order. Secondly, numerical analysis and comparison of stability for the non-conservative and conservative coupling approaches is presented. Numerical experiments demonstrate that the non-conservative coupling approach can preserve numerical stability. For the conservative coupling approach, it can be seen that in some situation the conservative coupling approach with WENO-FD flux employed at the coupling interface can lead to linear instability. However, when the nonlinear factors are taken into consideration, both using DG flux and using WENO-FD flux can preserve numerical stability.
The rest of this paper is arranged as follows. In Section 2, we give a detail description of the general high-order hybrid DG/WENO-FD method. In Section 3, we present the general analysis results of accuracy, stability and conservative error for the conservative and non-conservative coupling approaches, respectively. In Section 4, numerical experiments of a hybrid 3 rd -order DG/5
th -order WENO-FD method together with a hybrid 5 th -order DG/5 th -order WENO-FD method are used to verify our theoretical results and demonstrate the performance of the highorder hybrid solver. Finally, Section 5 contains concluding remarks.
A General High-order Hybrid DG/WENO-FD Method
In this section, we give a detail description of the high-order hybrid DG/WENO-FD method, we will focus on the implementation for the scalar conservation law: 
as shown in Fig. 2.1(a) , is divided into two subdomains with the multi-domain interface located at x = x J+1/2 .
In the left subdomain (x 1/2 , x J+1/2 ), a traditional high-order DG method is applied as follows . If we have
then we call it the conservative coupling approach. Otherwise, if 6) which means different numerical fluxes are applied for different subdomains at the same coupling interface, thus we call this coupling approach non-conservative.
Construct numerical fluxes at coupling interface
In this subsection, we present the strategies of constructing numerical fluxes f Similar to the strategy used in [33] for multi-domain WENO-FD method, it is easy in the construction of numerical flux f 
where u In order to preserve high order accuracy and prevent possible numerical oscillation, a WENO type interpolation is applied to the construction of u + J+1/2 . In this procedure, we need a stencil of 2p − 1 points to obtain the Gauss quadrature point values and reconstruct the degrees of freedom for a p th -order DG method in the target cell I J+1 . To do so, the following steps are used:
Step 1: Choose 2p − 1 points interpolation stencil S = {I J−p+2 , · · · , I J+p−1 , I J+p } and divide stencil S into p small stencils denoted by
Step 2: Construct an interpolation polynomial p i (x) associated with each of the stencils S i , i = 0, 1, · · · , p − 1 which satisfied p i (x k ) = u(x k ), k ∈ S i and get these approximate point values at each Gauss quadrature point x G in the cell
Step 3: Obtain the linear weights λ i , smoothness indicators β i and calculate the nonlinear weights ω i of each small stencil S i , i = 0, 1, · · · , p − 1 following WENO reconstruction procedures, the final approximate for each Gauss quadrature point x G is then given by
Step 4: Reconstruct the degrees of freedom for the DG method in the cell I J+1 through a numerical integration
where
Then, get the u + J+1/2 through the expression (2.7). Since we have reconstructed the u + J+1/2 at the right side of the coupling interface x = x J+1/2 , we can form the DG numerical flux f (rkdg) J+1/2 for the DG subdomain. The advantages of using WENO interpolation in constructing DG flux is that WENO interpolation can provide u
with the property of essentially non-oscillation. It should be noted that this is crucial in preserving the numerical stability when the DG flux is employed at the coupling interface. Alternatively, we can get u + J+1/2 directly through a WENO interpolation at the coupling interface x = x J+1/2 instead of reconstruction the approximated solution polynomial in the cell I J+1 . Numerical experiments demonstrate that actually there is not much difference in obtaining u + J+1/2 directly from this WENO interpolation, thus we also use this simple strategy in some of our numerical experiments.
Non-conservative and conservative coupling
As the numerical fluxes at the coupling interface are not unique, we have two kinds of coupling approaches at the coupling interface, one is non-conservative, the other is conservative. For the non-conservative approach, we use different numerical fluxes for different subdomains at the same coupling interface x = x J+1/2 . More specifically, we use
for the non-conservative coupling approach and the semi-discrete form Eq. (2.4) becomes
Non-conservative coupling approach demonstrates good performance when the solution is smooth nearby the coupling interface, however, if there is a discontinuity, such as a shock wave, like most of the other non-conservative methods, this coupling approach might suffer from a severe problem in capturing discontinuities correctly. At this moment, conservative coupling approach must be employed at the coupling interface. For this conservative coupling, we can use either the WENO-FD flux or the DG flux as the unique flux at the coupling interface and the semi-discrete form Eq. (2.4) of the conservative coupling approach now becomes
where f
Hybrid DG/WENO-FD method
The theoretical analysis in the next section will show that there are both advantages and disadvantages for non-conservative and conservative approaches. In practical application, we firstly detect possible discontinuities near the coupling interface, then choose the appropriate coupling approach in the hybrid DG/WENO-FD method.
In order to detect those possible discontinuities near the coupling interface x = x J+1/2 , a feasible way is to use the so-called 'troubled cell' indicator [4, 5] . We call a cell 'troubled cell' if the cell is indicated to possibly include a discontinuity. Thus, if either of the neighbor cells near the coupling interface is identified as a 'troubled cell', it is wise to use the conservative coupling approach rather than the non-conservative one. That means the hybrid method comes back to be conservative when a discontinuity is passing through the coupling interface. In practice, we follow our previous work [31, 32] and use a TVD(TVB) minmod function as the 'troubled cell' indicator as follow
where a 2 , a 3 ) is the TVD (TVB) minmod function. It should be noted that for the RKDG subdomain, the zero degree of freedom u (0) k is used as the cell averageū k and for the WENO-FD subdomain, the cell averageū k is provided by the high order integration polynomial p(x) described in Section 2.1.
Finally, we summary the procedure of the multi-domain hybrid DG/WENO-FD method in following steps:
Step 1: Initialize degrees of freedom for the DG subdomain and point values for the WENO-FD subdomain;
Step 2: Construct numerical fluxes f J+1/2 at the coupling interface, respectively; Step 3: Detect the possible discontinuities in the neighbor cells I J and I J+1 of the coupling interface: If neither of these two neighbor cells is identified as a 'troubled cell', the non-conservative coupling approach is adopted; Otherwise, the conservative coupling approach is applied with an unique numerical flux f
I+1/2,J used at the coupling interface;
Step 4: Complete the space discretization for the DG subdomain and the WENO-FD subdomain.
As for the time discretization, an explicit third-order TVD Runge-Kutta method is used with a CFL number equal to the minimum of the CFL numbers of all the subdomains. It should be noticed that the strategy of choosing CFL is straight forward, however, may be not optimal, as for real application, a local time stepping procedure should be more appropriate.
Finally, the third-order TVD Runge-Kutta method is given as follows
Accuracy, Stability and Conservative Error
In this section, we will present some theoretical analysis about the multi-domain hybrid DG and WENO-FD method described in Section 2. For the conservative coupling approach, analysis of accuracy and stability will be presented in Subsection 3.1. We also give a comparison between the two different choices, using the DG flux or using the WENO-FD flux, as the unique numerical flux at the coupling interface as shown in Fig. 3.1(a) and Fig. 3.1(b) . For the nonconservative coupling approach, analysis of accuracy and conservative error will be presented in Subsection 3.2.
Conservative coupling approach
In the conservative coupling approach, an unique flux needs to be defined at the coupling interface. This can easily be done by simply choosing the numerical flux of either the DG method or the WENO-FD scheme provided at the interface. Another simple way is to use an exact or approximate Riemann problem solution to define a unique numerical flux since the left and right flow states at the coupling interface are readily provided by the DG and WENO methods. In this work, we simply take either the DG flux or the WENO-FD flux as the unique flux at coupling interface. If we apply the DG flux at the coupling interface x = x J+1/2 as shown in Fig. 3 .1(a), a so-called WENO type 'coupling cell' will be generated in the cell I J+1 which means the space discretization in the cell I J+1 is employed by WENO-FD schemes, however, the numerical flux of left boundary of this cell comes from DG method. In a similar way, if a WENO-FD flux is chosen as the unique flux at x = x J+1/2 , the 'coupling cell' will be located in the cell I J with a DG discretization actually applied in it, we denote it as a DG type 'coupling cell' as shown in Fig. 3.1(b) .
Accuracy analysis
We note that the space discretization in the coupling cell with these two different choices of numerical fluxes shown in Fig. 3.1(a) and Fig. 3.1(b) , however, leads to a similar form. In specific, if the DG flux is employed at the coupling interface, the semi-discrete scheme for the WENO-FD point value u J+1 in the cell I J+1 follows
Conversely, if the WENO-FD flux is used, the semi-discrete scheme for the DG cell average value u J in the cell I J has the form
Eq. (3.1) and Eq. (3.2) indicate that the accuracy of conservative hybrid DG/WENO-FD method in the coupling cell is independent from the choices of different numerical fluxes at the coupling interface. For the accuracy analysis, we have the following theorem.
Theorem 3.1. The semi-discrete scheme of the conservative coupling of a p th -order (p ≥ 3) DG method and a q th -order (q ≥ 3) WENO-FD scheme is of first order accuracy locally in the coupling cell in the norm L ∞ .
Proof. To evaluate the numerical flux of a q th -order WENO-FD scheme, we assign λ k is the linear weight and p k is the reconstructed polynomials of the candidate stencil S k (k = 0, 1, · · · , r − 1, q = 2r − 1).
where the definition of h(x) is according to Shu and Osher [24, 25] :
For the p th -order DG method, using Taylor series expansion at the center of the cell I J reveals the following formula at the coupling interface
From Eq. (3.3) and Eq. (3.5), the space discretization in the cell I J+1 can be rewritten as 
Thus, the semi-discrete scheme of the conservative hybrid approach in the coupling cell is of first order accuracy and the accuracy is independent from the choices of numerical fluxes used at the interface.
Remark 3.1. Although, the conservative semi-discrete scheme in the coupling cell is of firstorder accuracy, an O(∆x 2 ) solution error is routinely observed for the whole computation domain in numerical experiments after applying time discretization.
Stability
In this subsection, we present analysis of stability for the conservative coupling approach through numerical tests. The two different choices of numerical fluxes at the coupling interface do not exert much influence on the accuracy. Nevertheless, numerical experiments show that the stability of the conservative coupling approach in some degree depends on the choices of numerical fluxes.
In our numerical experiments, the linear scalar hyperbolic conservation law is used as examples and the computational domain is directly divided into two subdomains. We test both linear and nonlinear situation for the conservative coupling approach. Linear conservative coupling approach means that the nonlinear limiter of the DG method and nonlinear weights of the WENO-FD scheme are not taken into consideration. In contrast, the nonlinear conservative coupling approach indicates that the nonlinear factors may exert their influence in solving a linear conservation law.
From our numerical results, it has been found that the using of DG flux at the coupling interface for conservative coupling approach can preserve numerical stability well for both linear and nonlinear situation. However, the choice of using WENO-FD flux at the coupling interface may lead to linear instability in some situation. In order to preserve numerical stability for this case, nonlinear factors in the DG method and the WENO-FD scheme must be taken into consideration. The details of the numerical results are shown in Table 3 .1. 
Left subdomain: WENO-FD Right subdomain: DG Use DG flux at coupling interface Use WENO-FD flux at coupling interface
Non-conservative coupling approach
For the non-conservative coupling approach, we give theoretical results of accuracy and local conservative error. The conclusion of accuracy analysis is directly given by the theorem ?? as the reconstruction steps are applied at the coupling interface, the fact that the non-conservative coupling approach can preserve high order accuracy for smooth solutions becomes obvious.
Accuracy analysis
The semi-discrete scheme of the non-conservative coupling of a p th -order (p ≥ 3) DG method and a q th -order (q ≥ 3) WENO-FD scheme can preserve optimal r th -order(r = min{p, q}) accuracy in the region of smooth solutions.
Conservative error
A significant concern of a non-conservative method is the conservative error (CE). Here, we use following formula to evaluate the local conservative error:
where u n j is the numerical solution of time T n . If a one dimensional scheme is truly conservative with periodic boundary conditions or lim j→±∞ u 0 j = 0 is imposed, then the conservative error is equal to zero. For the non-conservative multi-domain hybrid DG/WENO-FD method, we give an analysis based on the definition above. Proof. From Eq. (2.11), we have As we known from theorem 3.1,
Thus, the conservative error of the non-conservative hybrid method is of third-order accuracy.
Stability
The strict theoretical analysis of stability for the non-conservative coupling approach may be complex and tedious. However, we can look at this problem from another point. As the DG method and WENO-FD scheme are both numerical stable, if we can preserve the property of essentially non-oscillatory in the reconstruction of numerical fluxes at the coupling interface, then the non-conservative coupling approach should preserve numerical stability. From the procedures of reconstructing numerical fluxes presented in Section 2.1, it should be noted that the WENO type reconstruction is applied to preserve the property of essentially non-oscillatory. Numerical experiments also demonstrate the non-conservative coupling approach is stable.
Numerical Results
In this section, we will present several numerical results of our high-order multi-domain hybrid DG/WENO-FD method. Two hybrid DG/WENO-FD methods are provided in Subsection 4.1 to verify the theoretical results for the conservative and non-conservative hybrid approaches, one is a hybrid 3 rd -order DG/5 th -order WENO-FD method, the other is a hybrid 
In this test case, we display the accuracy results of the semi-discrete scheme for conservative coupling approach. In specific, a linear conservative coupling of third-order DG and fifthorder WENO-FD, together with a linear conservative coupling of fifth-order DG and fifth-order WENO-FD are demonstrated as examples. It should be noted that here compared to nonlinear coupling, linear coupling means the nonlinear factors, such as limiters in the DG subdomain and the nonlinear weights in the WENO-FD subdomain are not taken into account. The subdomain interface is set at x = 1.0, where the DG method is applied in (0.0, 1.0) and the WENO-FD scheme is applied in (1.0, 2.0). At the coupling interface, we test both using the DG flux and using the WENO-FD flux as the unique flux for this conservative coupling approach. The results are shown in Table 4 .1. Through the numerical results, we can see that the conservative semidiscrete coupling is locally first-order accuracy at the coupling cell and the order is independent from the choices of numerical fluxes at the coupling interface.
Example 4.2. We solve the linear advection equation with the following initial and exact boundary conditions:
In this test case, we display the results of a linear conservative coupling of third-order DG and the fifth-order WENO-FD, together with a linear conservative coupling of fifth-order DG and fifth-order WENO-FD. All the set are the same as Example 4.1. The computing time is till 1.0. At the coupling interface, we test both using the DG flux and using the WENO-FD flux as the unique flux for this conservative coupling approach. The results are shown in Table 4 .2.
Through the numerical results, we can see that the conservative coupling approach is numerical stable and shows upmost second-order accuracy in the whole computation domain and the order of accuracy is independent from the choices of numerical fluxes at the coupling interface. 
In this test case, the characteristics propagate in an opposite direction compared to Example 4.1. We also display the results of a linear conservative coupling of third-order DG and fifthorder WENO-FD, together with a linear conservative coupling of fifth-order DG and fifth-order WENO-FD. All the other settings are the same as Example 4.1. The results are shown in Table  4 .3. In this case, numerical results show that the linear conservative coupling approach which uses the DG flux at the coupling interface is stable and exhibit a second-order convergence. However, the conservative coupling approach which adopts the WENO-FD flux suffers numerical instability during the numerical experiment. In order to preserve the stability, nonlinear factors must be considered as shown in Subsection 4.1.3. Example 4.4. We solve the same linear advection equation using non-conservative coupling approach with the following initial and exact boundary conditions:
In this example, we test the accuracy of the non-conservative coupling approach. All the other settings are same as Example 4.1. The results are shown in Table 4 .4. As we seen 43 from the numerical results, the non-conservative coupling approach are numerical stable and can preserve optimal order of accuracy. More specifically, a third-order convergence and a fifthorder convergence are exhibited by a non-conservative coupling of a third-order DG method with a fifth-order WENO-FD scheme and a non-conservative coupling of a fifth-order DG method with a fifth-order WENO-FD scheme, respectively.
Example 4.5. We solve the Burgers' equation with the following initial and periodic boundary conditions:
2 ) x = 0, u(x, 0) = 0.5 + sin(πx).
x ∈ (0.0, 2.0), (4.5) In this test case, we display the accuracy tests for both the conservative coupling approach and non-conservative coupling approach. The computational domain has been divided into three subdomains where the DG method is in (0.5, 1.5) and the WENO-FD scheme is applied in (0.0, 0.5) and (1.5, 2.0). Periodic boundary is imposed and the computing time is till T = 0.5/π when the solution is still smooth. The results are shown in Table 4 .5 and 4.6. Similarly, we observe that conservative coupling approach shows only second-order of accuracy and the accuracy is independent from the choices of numerical fluxes at the coupling interfaces. In contrast, the non-conservative coupling approach demonstrates a good performance in preserving high-order accuracy. 
In this test case, we display the local conservative error of a non-conservative coupling of third-order DG and fifth-order WENO-FD, together with a non-conservative coupling of fifthorder DG and fifth-order WENO-FD. In order to impose periodic boundary conditions, the computational domain has been divided into three subdomains as Example 4.5. The results are shown in Table 4 .7. From the numerical results, we can find out that the local conservative error is third-order which verifies our theoretical analysis. 
This test case is the same as Example 4.3 in which the numerical results show that it is linear unstable if WENO-FD flux is employed as the unique flux for the conservative coupling approach. In order to preserve numerical stability, the conservative coupling approach has to be nonlinear even for solving linear conservation law. When the nonlinear factors are taken into consideration, the conservative coupling using WENO-FD flux at coupling interface can preserve numerical stability and the numerical results are shown in Table 4 .8. We further test the performance of the multi-domain hybrid DG/WENO-FD method for solving two dimensional inviscid Burgers' equation with the following initial and periodic boundary conditions. The subdomain interfaces occur at x = 0.5, 0.0 < y < 2.0 and x = 1.5, 0.0 < y < 2.0. The computing time is till 0.5/π and 1.5/π. At T = 0.5/π, the solution is still smooth. We display the L ∞ and L 1 errors of a hybrid method of third-order DG coupling fifth-order WENO-FD together with a hybrid method of fifth-order DG coupling fifth-order WENO-FD, respectively. Numerical results show the hybrid methods can preserve high-order accuracy in Table 4 .9. At T = 1.5/π, the numerical results illustrate that shock waves can correctly pass through the coupling interface as shown in Fig. 4 .1.
2 ) x + ( 
Two dimensional Euler equations
We consider the two dimensional Euler equations U t + F (U ) x + G(U ) y = 0, (4.9) where U = (ρ, ρu, ρv, E)
T , F (U ) = (ρu, ρu 2 + P, ρuv, u(E + P )) T , G(U ) = (ρv, ρuv, ρv 2 + P, u(E + P )) T . The total energy E is expressed as th -order DG/5 th -order WENO-FD method is presented in Fig. 4.2 . From the numerical results, we can see that both the third-order and the fifth-order hybrid DG/WENO-FD method give good performances in handling the coupling interface in this test case. From the CPU time comparison, it can be seen clearly that the hybrid method is much more efficient than traditional pure DG method.
Conclusions
In this paper, a general high-order multi-domain hybrid DG/WENO-FD method which couples a p th -order (p ≥ 3) DG method and a q th -order (q ≥ 3) WENO-FD scheme has been developed. The conservative and non-conservative coupling approaches were described in detail. We concluded that the conservative coupling approach is only of first-order accuracy locally at the 'coupling cell'. In contrast, the non-conservative coupling approach can preserve the optimal order in the whole computation domain while the local conservative error is upmost third order. As for the stability analysis, numerical experiments showed nonlinear factors must be taken into consideration in order to maintain the stability for the conservative coupling approach when the WENO-FD flux is employed at the coupling interface. Further research focusing on extension the hybrid solver to diffusion equations is ongoing.
